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Conjugate Models: The Big Idea




What is a Conjugate Prior?

A prior is conjugate to a likelihood if the posterior belongs to the same distributional
family as the prior.

Why it matters

Updating reduces to simple arithmetic on the parameters — no integration needed.

Likelihood Parameter Conjugate prior Posterior

Binomial(n, ) Beta(ao, bo) Beta(ao + y, bo + n—y)

Poisson(u) w Gamma(r, v) Gamma(r+ >y, v+n)




Shared Architecture of Both Models

Both conjugate models follow exactly the same logic:

Choose a prior whose parameters match your prior belief (method of moments).
Observe data and update the parameters using the conjugate formula.
Summarise the posterior: mean, variance, credible interval.

Decompose the posterior mean into a weighted average of prior and data mean.

o & ® M=

Approximate with a normal when posterior parameters are large (> 10).

The weights reveal how much the data dominate over prior beliefs.



Beta—Binomial Model




Beta—Binomial: Setup

Wodel R Posterior Summary

m ~ Beta(ap, bo) (prior) E(n | y) = a

Y | 7 ~ Binomial(n, ) (likelihood) ar + by

7 | y ~ Beta(ay, by) (posterior) Var(r | y) = — )28(1ab1+ P
1 1 1 1

Update Rule SD(r | y) = +/Var(r | y)

aa=aty by=bg+n—y

Each success adds 1 to a; each failure adds
1to b.



Beta—Binomial: Posterior Mean Decomposition

Posterior mean as a weighted average

ap + bg ao n
E(r|y)= : 4+ .
a+bo+n a+by ay+by+n n
—_——— — ] — =~
Worior prior mean Wata data mean

Prior weight Data weight

W — ao + b W . n
prlor—ao+bo+n data—a0+b0+n
Large when ag + by > n: prior dominates. Large when n > ag + by: data dominate.

ao + bo is a prior sample size: how many pseudo-observations your beliefs are worth.



Eliciting a Beta Prior from Beliefs

Problem

Prior belief: mean = pg, SD = oy. Find ap, by so Beta(ag, by) matches.

Method of Moments

A apbo
uo_ao—Fbo ao+bo)2(ao+bo+1)

po(1 — po)
o5

agz(

= ay+by= 1 ap = po(ao + bo)

Women in economics (today’s Q2)

o = 0.5, 0p = 0.1 = ay+ by =24, ap = by = 12. Prior: m ~ Beta(12,12).



Credible Intervals

What is a credible interval?

A (1 — @) x 100% CI [Low, Up] satisfies:
P(Low <7 <Up|y)=1—-«

A direct probability statement about the
parameter.

Exact — Beta quantiles
LOW = FBTe1ta(a/2)’ Up = F];(;ta(1 - CE/2)
gbeta(alpha/2, al, bl)

Normal approximation

When a; > 10 and b; > 10:

E(7|y) +1.96 - SD(=|y)

Credible +# Confidence interval

A credible interval is a probability
statement about 7. A frequentist Cl is not.

Beta(1, 1) = Uniform(0, 1).
Posterior: Beta(1 + y, 1+ n—y).



Gamma-Poisson Model




Gamma-Poisson: Setup

u ~ Gamma(r, v) (prior)
Y; | 1" Poisson(y) (likelihood)
|y~ Gamma(r, vq) (posterior)

Update Rule

n=r+>.y Vi=Vv-+n

Posterior Summary

.
E(uly) =1

I
Var(u | y) = —5
:



Gamma-Poisson: Posterior Mean Decomposition

Posterior mean as a weighted average

v r n Vi
E(uly) = o=
v+n v v+n
~—— = ~—— v
Worior  Prior mean Wdata  data mean

Prior weight Data weight

v n
Worior = Wdata =
PIOC ™ v+ n v+n
v acts as a prior sample size. Large n = data dominate.

Parallel with Beta—Binomial

Identical structure. Only the prior family and pseudo-sample-size differ.



Eliciting a Gamma Prior + Normal Approximation

Method of Moments

Zalgiris (today)

Ho = 80, gp = 10
v=08, r==64
Prior: u ~ Gamma(64,0.8)

Normal approximation

Approximate when ry is large:
H | \ N(m1,s12)
Cl~my £1.96 - s

where my =1 /vy, 81 =+/r/v.

Beta rule of thumb

Approximate when a; > 10 and by > 10.



Writing R Functions




Defining a Function in R

# Structure only -- you fill

in the body

binbetaf <- function(a, b, n, y, alpha) {

# compute: al, bl, m_pos,
# w_prior, w_data

# print all results

var_pos, sd_pos,

, low, wup

return(list (apos = al, bpos = bl))



R Reference




R: Beta—Binomial Workflow

a <- 12; b <- 12; n <- 1000; y <- 250; alpha <- 0.05
# Posterior parameters

al <- a +y; bl <- b +n -y # 262, 762

# Postertior summaries

m_pos <- al / (al + bl)

var_pos <- al * bl / ((al + b1)~2 * (al + bl + 1))
sd_pos <- sqrt(var_pos)

# Weights
w_prior <- (a + b) / (a + b + n) # 0.023
w_data <- n / (a + b + n) # 0.977

# Exzact credible interwval
gbeta(alpha / 2, al, bl)
gbeta(l - alpha / 2, al, bl)



R: Gamma-Poisson Workflow

y <- c(e64, 72, 84, 73, 98, 85, 85, 94, 72, 93)

m <- 80; s <- 10

# Prior elicitation

r <- m"2 / 8°2; v <-m / s°2 # 64, 0.

# Posterior parameters

sum_y <- sum(y); n <- length(y) # 820,

rl <- r + sum_y; vl <- v + n # 884, 10.8

# Posterior summaries
pos_mean <- rl / vi # 81.85
pos_var <- rl / vi-2

pos_sd <- sqrt(pos_var) # 2.75

# Ezact 95] credible interval

qgamma (0.025, r1, vi) # 76.54
gqgamma (0.975, r1, vil) # 87.33

# P(mu < 75)
pgamma (75, rl, vil)



Summary: Two Models, Same Logic

Beta—Binomial Gamma-Poisson
Prior 7 ~ Beta(ao, bo) p ~ Gamma(r, v)
Update a=a+y, bi=bo+n—y n=r+>y,vy=v+n
Post. mean  ai/(a; + by) r /vy
Post. var aibi/(a1+by)?(a;+by+1) r/v?
Prior weight  (ao+bo)/(a0+bo+n) v/(v+ n)
Data weight n/(ao + bo + n) n/(v+n)
Exact Cl gbeta(-, al, bil) gqgamma (-, rl, vi)
Elicitation ao+bo = po(1—pi0) /o —1 V=po/os, r=pu3/od
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